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such displacements, is arrived at in the paper and illus¬ 
trated. 

(e) A simple criterion is also given for detecting errors in 
star measures due to curvature of a plate, which is copied 
on to another without being completely in contact with it, 
under oblique illumination. 


On the Errors of Star Photographs due to optical Distortion of the 
Object-glass with which the Photograph is taken. Second 
paper. By H. H. Turner, M.A., F.R.S., Savilian Professor. 

1. In a previous paper on this subject I gave the comparison 
of two Astrographic Catalogue plates taken at Oxford with cor¬ 
responding portions of a large plate taken at Arequipa, Peru, with 
a photographic doublet. In each case the coordinates of some 
250 stars on the two plates were compared, and the algebraical 
relations between them were found to be expressible with sensible 
accuracy by the formulas 

x' — c + ax 4 - by + Ax 2 + Bxy + Gy 2 
if = f+dx + ey + Dx 2 + Exy + Ftp 

The linear terms c + ax 4- by and f-F dx + ey were not further 
considered • but it was pointed out that the values of the co¬ 
efficients ABCDEF were inconsistent with the idea that these 
terms were due to optical distortion of the object-glass, if the 
corresponding displacement of a star image was along the radius 
from some centre, and a function of the distance from the centre. 
It was shown to be probable that these terms represented errors 
of copying the Arequipa plate under oblique illumination ; and 
it was inferred that the optical distortion over a field of at least 
4 0 x 4 0 was small. 

2. In the present paper additional evidence is given of the 
existence of errors of copying. Measures of a third region still 
further from the centre of the Arequipa plate are examined in 
the terms of the second order, which still show no evidence of 
sensible optical distortion. Finally, the linear terms c 4- ax 4- by 
and f-F dx -f ey, hitherto neglected, are considered ; again without 
finding evidence of optical distortion. 


Errors of Copying. 

3. In the previous paper no direct evidence was given that 
the errors were due to copying ‘ but this was shown to be a 
probable explanation of the discrepancies. It was found that the 
glass of the Arequipa positive was sensibly curved ; and it was 
supposed that in copying a portion of it on another plate the 
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films were not in complete contact owing to this curvature. 
Hence, if the illumination used for copying were slightly oblique, 
the star images in different parts of the plate would be relatively 
displaced. Thus, in fig. 1, if A S B be one (curved) film, A M H B 
the other, in contact with the former at A and B, but not at S ; 
then if the illumination be in the direction S M, the star image 
S appears at M ; if in the direction S N, at N ; while the stars 
at A and B are the same in both cases. 



Fig. 1 


4. To test this hypothesis a portion of the Arequipa plate 
was copied twice on the same plate under illuminations differing 
considerably in direction., and the distances between the pairs of 
images measured. The plate was held in the first instance so 
that light from a gas jet fell at an angle of +45° with the normal, 
in the plane through the axis of x ; then after a small displace¬ 
ment it was again exposed, with the light making an angle 
of — 45 0 . It will be remarked that here we are not concerned 
with the performance of the Bruce doublet in any way. The 
stars are merely arbitrary points on the plate copied twice over, 
and the only differences allowable are of the form 

by + c in .;/• and — hr +/ in y 

representing an arbitrary displacement and rotation in moving 
the plate slightly, so that the second exposure should not fall on 
the first. The mean differences of groups in x and y corrected by 
expressions of the above form were as below, in the notation of 
the previous paper, the unit being 'oooi of a reseam interval, 
or o''*03. 



In x 



In 

!/ 


- 5 

+ 3 

+ 17 

-9 

— 21 

- 14 

-8 

~ 7 

-14 

+ 7 

+ 3 6 

+ 7 

-13 

- 9 

-6 

- 2 

-13 

+ 7 

+ 24 

+ 6 

-19 

— 9 

0 

+ 8 

— 10 

-7 

+ 17 

+ S 

— l8 

— 5 

— 1 

+12 


5. In the same way as in the former paper we find that alge¬ 
braical expressions representing these are : 

for x, const, + *00013." + ‘00001?/ — oooooif igx 2 + 2 xy + 6 y 2 ) 
for y, const, + *ooo 1 o.r — ’00004// — -ooooo 1 ( 1 .v~ # + 2 y 2 ) 
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These expressions reduce the above differences to the fol¬ 
lowing : 

In x In y 


+ 12 

- 5 

+ 4 

-14 

-3 

0 

+ 2 

+1 

- I 

- 5 

+16 

- 4 

+ 3 

+ 2 

-3 

— 2 

+ 2 

- 5 

+ 4 

- 7 

— i 

O 

+1 

+ 2 

+ 13 

- 11 

+ 3 

+ i 

+ 2 

+ 5 

“3 

+ 2 


6. If the differences are due to errors of the kind suggested, 
then both the algebraical expressions and the residuals in x and y 
should be in a constant ratio. Looking first at the residuals, 
take the five largest residuals in x, and write under them the 
corresponding residuals in y. 

x +16+12-14+13 — 11 

y ~ 3- 3 + 1 + 2 + 5 


The ratio of the y residuals to the a; residuals is thus small, its 
mean value being —10/66 ; and there is a reason for this, the 
obliquity of illumination being changed principally in the direc¬ 
tion of the x axis, though the position of the plate being only 
roughly estimated, there was probably a slight change of direc¬ 
tion in the other coordinate also. Thus corresponding to the 
term —19a? 2 for x, we should expect a term +3« 2 in y , whereas 
we find — ix 2 ; but this need not trouble us, for coefficients smaller 
than 10 in these terms may be regarded as largely accidental. 

In considering the terms of the first order, it must be remem¬ 
bered that we have an unknown rotation of one exposure with 
reference to the other ; thus, instead of 


we should write 


I ya + i y and 1 otr — 4 y 
130? + (1 + b)y and (10 — b)x — 4y. 


Putting b —13 we get 


13^+14 y and - 3+-4 y , 

which are approximately in the ratio of 66 to —10. So that 
there is no theoretical difficulty in getting this accordance between 
these terms and the residuals. But this is treating too seriously 
terms of the magnitude of — 3^ — 4 y, which may be in error by 
several units. It is probably better to put b~ 5 and get 

+ i$x + 6 y for x, and 5+- —4 y for y, 

of which we can regard as largely accidental the smaller terms, 
i.e . all except the + 13^. 
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Hence, the main part of the discrepancy between exposures 
is represented by 

Const. + *000130 x -*000019 x 1 in x 

and 


Zero 


in $ 


neglecting small terms as largely accidental. 
This can be put into the form 

Const. — *000019 (.x — 3*4) 2 


and thus cc= 3*4 is the point, either of closest contact between the 
two films in copying, or of greatest separation. Since it is more 
likely that the edges of the superimposed plate were in contact 
with the film to be copied, with a gap in the middle, rather than 
that the contact was in the middle with separation at the edges, 
,x=3*4 is probably the point of greatest separation. But this 
is not material. 

7. What is rather important is the numerical smallness of 
the quantity. The obliquity of illumination was purposely ex¬ 
aggerated, and we should have expected at least five times the 
sort of quantities which were to be explained in the last paper, 
such as 

+ ll.r 2 -23.r y- 3 V 2 


(see p. 451) ; whereas, the quantity obtained is only about the 
same size. This is capable of explanation in more than one way, 
thus:— 

(a) The plates may have been pressed closer together on the 
present occasion. 

(h) The errors dealt with in the last paper may not be wholly 
due to the copying at Oxford, but partly to the process of 
copying the original negative at Arequipa. 

8. In any case the existence of errors of this kind is fairly 
well established, and we may now return to the main object of 
the investigation, the possible existence of optical distortion. 
The next step was to take a copy of a portion of the Arequipa 
plate still further from the centre : to compare it with the 
corresponding Oxford plate as before : to express the residuals, 
after clearing away linear terms, by expressions of the second 
order, and to see whether at this greater distance from the centre 
these were becoming larger than could be explained by errors of 
copying. 

9. The centres of the two plates previously considered occu¬ 
pied the following positions on the Arequipa plate, 

No. x y r 

1144 +12 —7 I4 

835 -9 -6 11 

N N 
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The new plate taken was with centre, 

207 —25 +6 26 

To the Oxford measures were applied the corrections, 

+ ’220 — *OIOJ? — *004 y to X 
o + *004.3? — *oioy to y 


and it was then compared with the corresponding portion of the 
Arequipa plate. The mean differences were as below, the unit 
being o ,; *03. 

In x In y 


+ 22 

+ 

165 

+ 289 

+ 368 

+ 

274 

+ 

177 

+ 70 

+ 9 

+ 39 

+ 


+ 3°4 

+ 368 

4. 

183 

+ 

116 

+ 23 

-40 

-14 

+ 

116 

+ 262 

+ 311 

+ 

J09 

+ 

59 

~ 5 

-35 

—10 

+ 

96 

+ 209 

+ 282 

+ 

37 

+ 

11 

-13 

-37 


to. When corrected by the linear expressions 


and 

these become 


— '0185 — -00169 ic — *00042 y in x . 


— *0059 + *00092 x — *00064 y in y. 


In x 


-36 

- 3 

t ^ 

~ 0 

-28 

+ 8 

+10 

+ 45 

— 1 

-15 

+ 5 

+ 33 

-28 

+16 

+12 

+ 7 

-30 



In 

y 


+ 59 

+ 22 

—21 

—22 

+10 

+ 3 

—26 

-29 

-20 

—10 

—10 

+20 

-50 

—16 

+ 24 

+60 


11. Calculating for these corrections <o£ the second order as 
in the previous paper, we find 


( + 32a? 2 — 10 xy + i6y 2 ) x • 000001 
( — g,v 2 + 54 xy — 1 7y 2 ) x • 00000 1. 

Now the centre being at ( — 25, +6), or the coordinates of the 
centre of the Arequipa plate on this plate being ( + 25, —6), the 
theoretical corrections for difference of normals 

4 2 (Xx~ + Y xy) and ju . 2 (Xxy + Yy 2 ) 

(where y is the circular measure of the reseau interval or 
y 2 =*0000021) are respectively 

+ 53* 1 ’ 2 ~ l Z x y and + 5 3 " 7 /- 


© Royal Astronomical Society • Provided by the NASA Astrophysics Data System 


Downloaded from http://mnras.oxfordjournals.org/ at University of Georgia on June 5, 2015 




1899MNRAS..59..466T 


May 1899. due to Optical Distortion etc. Second paper. 471 

both multiplied by *000001. Hence the outstanding residuals 
require correction by 


and 


— 21 a’ 2 + 357/ +1 6y 2 for x 

— gx 2 + xy —4y 2 for y. 


12. Calling these Ax ' 2 + B xy + Gy 2 and Dx 2 + Exy -f- 'Ey' 2 , then 
if they were due to optical distortion, according to the cri¬ 
terion of the last paper, A, E, C should be of the same sign 
and in descending order numerically ; also F, B, D should be of 
the same sign and in descending order. This is far from being 
the case, A and C being conspicuously of opposite signs. 

13. On the other hand, if these corrections have their origin 
in errors of copying we should have 

A_B_C 
D ~ E ~ K‘ 


These relations are not fulfilled as the numbers stand, but a 
small “ error of normal ” could be assigned which would make 
them fit, e.g. if X and Y above instead of being (—25, + 6) are 
really (—21, +12), we should get for the theoretical corrections 
for difference of normals 


-f 44X 2 —25 xy and + 44 xy — 25 y 2 , 

and thus 

Ax 2 + B xy + C y 2 = — 1 2 x 2 + 15.17/ + 1 6y 2 
D# 2 + E xy + ¥y ‘ 2 = — gx 2 + 10 xy + Sy 2 


14. Of course this is introducing two new arbitrary constants, 
and we must therefore not attach too much importance to the 
result; but it is to be remarked that not even by this device can 
we make the expressions such as would arise from optical dis¬ 
tortion, for we cannot make A of the same sign as C and numeri¬ 
cally greater without assuming an extravagant error of normal, 
viz. 18 reseau intervals at least. 

15. Hence it would appear from the study of the terms of 
the second order that not even at this increased distance from 
the centre of the Arequipa plate is there evidence of sensible 
optical distortion; such terms of this order as affect the residuals 
being due to errors of tilt or copying. 

16. But, as above stated, my attention was recalled by a 
remark of Mr. Dyson to the linear terms which may theoretically 
be larger than those of the second order, with a certain law of 
optical distortion, and the study of them gave interesting results. 
In explanation of the fact that I have hitherto neglected them, 
I may remark that in commencing this rather new investigation 
my attention was naturally attracted by the newest thing which 
I encountered. Had no terms of the second order presented 
themselves, the linear terms would naturally have been carefully 

N N 2 
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examined. But terms of the second order (not due to a difference 
of centres) in the comparison of two plates were a new feature. 
In comparing our astrographic plates the relations are sensibly 
linear (except for any difference of centring), and in looking for 
optical distortion on these large plates taken with a doublet, 
which even near the centre could not be expressed in terms of 
our plates by linear relations, I felt that at any rate these terms 
of the second order must be explained, and they seemed to afford 
thp quickest route to the solution of the problem. The time 
spent in studying them was in no way lost, for I doubt whether 
I should have come upon the errors of copying by study of the 
linear terms. 


The Linear Terms. 

17. Before examining the individual plates the nature of the 
problem may be briefly stated. Each Oxford plate has been* 
compared with the theoretical sky in the course of the regular 
work at Oxford, and is therefore as good as a piece of sky, except 
for accidental errors. Each copy of a portion of the Arequipa 
plate has been compared with an Oxford plate and thus indirectly 
with the sky. The formula for reduction of a copy to the sky 
will include 

(a) The effect of refraction for the Arequipa plate ; 

(h) The effect of aberration for the Arequipa plate • 

(c) The scale value of the Arequipa plate ; 

(d) An arbitrary orientation and error of centring of the 

particular copy ; 

( e ) The correction for scale of the particular copy due to its 

distance from the centre of the large plate ; 

(f) the effect of optical distortion. 

18. As regards (h) the effect of aberration to the first order 
is la simple change of scale, and hence it may be considered as 
included in (e). 



t'lG. 2. 


The correction ( e ) requires, perhaps, a little more explanation. 
Let abc (fig. 2) be the large Arequipa plate. Then a portion, 
K c, far from the centre, is compared with an Oxford plate, which 
may be regarded as touching the celestial sphere at lp; and 
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since K c is greater than l f, the scale of the Arequipa plate 
will in this region be relatively larger than at the centre b. The 
theoretical correction will be given later. 

19. Coming to (/) the optical distortion, if there be displace¬ 
ments (p (x, y) and \l> (x, y) in the coordinates x and y due to 
optical distortion, then in the neighbourhood of the point (£, 4) 
these have the values 

<t> ( to) + %<i> + y<t> v + 1 0 '-% + zz'j + y 2 <P vv ) + ,&c * * 

with a similar expression for i/r, and the linear terms are thus 

a<t>^+ y<p v and xxj/f + 

As in the previous paper (§35), if the displacement be along a 
radius from some centre, and vary as r li+1 , so that the displace¬ 
ments in x and y are l > r n x—(p (x, y) and P r n y=z\p (x 3 y ), then 

— P (p n + np n --£-) 9. = J*h 

lf/f = Pnp n ~ 2 i;7} = P (p ! -f Tip n_2 7J 2 ). 

As regards the magnitude of these compared with terms of the 
second order, we may take as an instance 

9^ = wPp w “ 4 |{3p 2 + (/2-2) Id- 

Hence the ratio of | -tp H x 2 to 0 f . x is 


!^{3P 2 + (»-2) f | to p-\p --r 

The limiting cases are t, — p and 1 = o. When £ = p the ratio is 

T^ncc to p. 

When i; = o the ratio is zero. Thus if n be large the terms of 
the second order are more important than the linear terms; but 
if n be small this is not so. 

20. We proceed to the consideration of the three regions 
measured on the Arequipa plate, and compared with Oxford 
plates 1144, 835, and 207. In the first instance the Oxford 
measures, say x and ?/, were corrected to x f and y values near 
those of the Arequipa copies, to help in readily identifying the 
proper stars. The values of x' — x and y — y are given in §§ 26 
and 45 of the former paper and § 9 of the present one, and are as 
below : 


Plate. 

' 3p'—X. 

y'-^y- 

II44 

— "oiox + -002 y 

— -oo2x — -oioy 

835 

— •oio.r-f 00 v/ 

— 003a? — *oio y 

207 

— oiox— 004 y 

4- ■004a? — 'oioy 


21. We then found that if (X, Y) denote measures on a copy 
of the Arequipa plate, and y f ) denote the Oxford measures 
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corrected as above, the values of X — x' and Y —y f were as fol¬ 
lows, omitting a constant : 


Plate. 

1144 

X—x', 

+ •00017X + -oooooY 

Y—y*. 

— 0005 iX + -OOOI4Y 

§35 

— *ooo 1 4X — *ooo 19 Y 

+ *oooo8X — *ooo62Y 

207 

+ *ooi69X + *00042Y 

— *ooo92X + *00064 Y' 


22. Finally, in the course of the regular work at Oxford the 
following expressions were found for reduction of (x, y) to (£, >7), 
the standard coordinates for stars in the theoretical sky : 


Plate. 

x-£. 

V- 7J. 

II44 

+ •00750$ +*01435 v 

-*01418$+ *0075677 

835 

+ *00835$+ '00792*; 

— *00769$ + *0082677 

207 

+ *00781$+ *0011777 

— *00150$ + *0079177 

23. We thus obtain for X —£ and Y - 

- 7} the following values: 

Plate. 

x-$. 

Y—y]. 

II44 

— *00244$ + '0162477 

— *01658$— *0024277 

835 

— *00189$ + *0106877 

-•01055$-*0024677 

20 7 

— *00058$ — *0024477 

+ *00162$— *0015377 

There is thus a 

well-marked difference in 

scale value between the 


copies, but this is in great measure due to the cause specified in 
( e ) of § 17, and we must now estimate this effect numerically. 

24. The relations between coordinates (oo } y x ) on one plate and 
(^22/2) the same star on another plate, whose centre is at 
(XY) on the first, are approximately 

_ x\ — X __ y x — Y 

I +X. Tl + Yy7 + 

or 

x,(i + Xtr, + Yyd = — X, 

or substituting on the left 

x x = + X and y, = y 2 + Y 

x^ 1 + X 2 + Y 2 ) + Xx z 2 + Y x 2 y., - .Tj — X; 

and similarly 

M1 + X 2 + Y 2 ) + X.r 2 y 2 + Yy , 2 = y, - Y. 

Thus the change of scale is represented by the factor (1 + X 2 + Y 2 ) 
and depends simply on the distance between centres, as it should. 
If X and Y are expressed in reseau intervals, we must multiply 
X 2 -fY 2 by *0000021, and the products for the three plates 
are (see § 9). 


Plate. 

Product. 

II 44 

•OOO 41 

835 

•OOO 24 

207 

•OOI 38 
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25. In applying these corrections we may at the same time 
rotate the axes so as to reduce the coefficients of y and x in 
x and y respectively. If these were exactly equal, and of 
opposite sign, we could make them both zero by a simple rotation 
of axis, writing 

x ,> for ( I — |0 3 )a?, - 6 y 1 


and 


2/2 for + 0# 1 + (i ~W)V\- 


But the equality is only approximate, and we choose for 6 the 
numerical mean of the two values, as below : 



Plate. + 9. 

II44 --01641 

W- 

•00013 


835 — *01061 

-00005 


207 + -00203 

•00000 

The corrected values of X— 

£ and Y — r? thus become 

Plate. 

II44 

X-f. 

— •OO272! — *0001777 

Y— 

-•00017!-'0027177 

835 

— -00228! + *0000777 

+ *00006! — *0026577 

207 

— •OOI96!—-0004177 

— •OOO41!— *0029177 


27. The correction for differential refraction on the Arequipa 
plate must now be calculated (the refraction and aberration for 
the Oxford plates are included in the formulae, reducing them to 
the theoretical sky). Particulars are given in § 50 of the pre¬ 
ceding paper for calculating X 0 , Y 0 , the coordinates of the 
zenith on the Arequipa plate, which are thus found to be 
X 0 = —0*44 and Y 0 =~ 0*99; and the corrections for differen¬ 
tial refraction to the first order, viz. 


and 


+ I + X 0 ") A + ,uX 0 X 0 , Y in .T' 
+ X 0 Y 0 . X + Ki + Y o') Y in y 


(where //, is the coefficient of refraction and may be taken as 
57", *00028 in circular measure) thus become 

+ 00033X + -oooii Y and + 0001 iX 00054Y. 


The effect of refraction is to decrease X and Y by these ex¬ 
pressions : and hence the measured X and Y are too small to 
this extent. To compare X and Y with i and // as if there were 
no refraction we must therefore add the above expressions to 
X and Y, making X*— £ and Y ~y larger in consequence, as below. 


Plate. 

X-!. 

Y - v . 

1144 

-•00239!-*0000677 

-OOOO6! —-0021777 

835 

-•00195!+ -0001877 

+ 00017!—*00211)7 

207 

— *00163! — 0003077 

— OOO30!—*0023777 
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28. If there were no optical distortion, then denoting the 
value of 


and of 


X -1 by a£ + b x i 7 , + b 2 % &e. 

Y — 7j by + + e^n, + b.£ + oj, &c. 


we should expect a x ==a 2 =& 3 =e 1 =e 2 =e 3) and b x —h. 2 —b^~o. 
The departure from this state of things is quite sensible, and it 
remains to examine whether the departure can be attributed to 
optical distortion. 

29. The values of the coefficients a y b , and e have been given 
in §19 ; but the symbols there employed have since been used in 
rather different senses. Let us put (u, v) for the coordinates of 
the centre of a plate or region referred to the optical centre, and 
let r 2 =w 2 -\-v 2 . Then if the distortion is Pr n , we have the 
following values for the coefficients a , b , and e :— 


d = J > r u 2 { + -t- nu 2 ), b = J?nr n ~ 2 ,uv, e = ^Pnr n ~ 2 (r 2 + ?iv 2 ). 


Thus 


a — e__u 2 ~ v 2 
h tiv ’ 


a relation which is independent of n, and affords a simple test 
of the existence of this kind of optical distortion. 

30. Assuming that the optical centre is at the centre of the 
Arequipa plate, the values of u and v for the three plates are 
given in § 9 under the head x and y : and the following tabular 
statement shows how far the above relation is fulfilled. 


Plate. 

a — c . 

&. 

II44 

— "00022 

— "00006 

835 

+-00016 

-i "COO 17 

207 

-r -00074 

— 00030 


a—e 

u~ — f 3 

V.V 

u "— V 2 

~T~ 

+ 37 

+ 95 

- 98 • 

U V 

—10 

+ 1*0 

+ 45 

+ 54 

+ 0-8 

- 2*5 

+ 589 

-150 

— 3*9 


There is a considerable discrepancy in the case of Plate 
it 44; but the coefficient b is small, and may be largely acci¬ 
dental. It may be remembered that this plate is a good deal 
affected by errors of copying. 

31. Since b juv=Pnr n ~ 2 , a comparison of the three values of 
b juv should be some guide to the value of n. Take the second 
and third plates, which seem fairly accordant. The values of 
bjuv are in the ratio 31 to 20, which is (r 2 /r 3 ) w ~ 2 . But r 2 /r 3 
= 11/26. This suggests that n — 2 is negative, the actual value 
given by this relation being n —2 =—0*5 or ^ = 1*5. If for the 
same plates we took (a — e)j (u 2 — v 2 ), which should also give 
Pnr n '~ 2 y the ratio is 36 to 13, giving n—2—— 1*2 or n=o’ 8 . 
Hence the value n~ 1, implying a law of displacement =Pr 2 , 
with displacements P rx and Pry in x and y y does not seem 
unlikely. 


© Royal Astronomical Society • Provided by the NASA Astrophysics Data System 


Downloaded from http://mnras.oxfordjournals.org/ at University of Georgia on June 5, 2015 




1899MNRAS..59..466T 


May 1899. due to Optical Distortion etc . Second paper. 477 

3 2. Calculating on this supposition 

a a 2 h it v e v 2 

r r P r P r 

for the three plates, we get the following values : 


Plate. 

a 

b 

e 




P 

II44 

+ 24 

-6 

+ 17 

835 

+ 18 

~ 5 

+ 14 

207 

+ 51 

-6 

-1- 2 7 


33. It remains to assign the value of P. From consideration 
of this table in conjunction with that of § 27, we may put P 
= + *00002, and then subtract these theoretical values of a , b , and 
e from those of § 27. If this law of distortion is satisfactory, 
we ought then to get the values of a and e all equal, and the 
values of b all zero. The old values and the new are collected 
in the following table. To show more clearly the differences of 
a and e, the mean value --210 has been subtracted from all the 
old values, and the mean value —261 from all the new values ; 
the unit is as before, *00001. 


Plate. 

a 

Old Values. 
e 

b 

(i 

New Values. 
e 

b 

1144 

-29 

- 7 

- 6 

— 26 

+ IO 

+ 6 

835 

+ 15 

— 1 

+ 18 

+ 30 

- 22 

+ 8 

207 

+ 47 

-27 

-30 

- 4 

-30 

-18 


34. We have not therefore improved things very much. 
The mean numerical value of b is reduced from 18 to 11, but 
that of a and e only alters from 21 to 20. Xor can we get any 
much better result by taking another value of n : it can be shown 
that there is an inherent difficulty in satisfying the conditions, 
independent of n. For write the old values of a and e which it 
is desired to bring into accordance in the order of magnitude, 
viz. +47 4-15 — 1 -7 —27 —29, then the corresponding ex¬ 
pressions P r n ~ 2 (r 2 + nu 2 ) &c. (see § 29) should fall into approxi¬ 
mately the same order. Picking these out,' and substituting the 
values of u, v, and r, from § 9 we get the following series, which 
should be in order of magnitude. 

26 w (i + * 8 w ), n n (* + '8«), 11X1 +*3 n), I4”(t + -3/1). 2o*'(i + i»), I4 n (i + *8^) 

When n is small we may take logarithms to base e, and 
neglecting powers of n above the first we can divide out by n. 
Thus the first term is n (log. 26 4-'8), and dividing by n the 
following numbers should be in order :— 

' •; 

i*8 0-9 04 0*7 i*i ri 


© Royal Astronomical Society • Provided by the NASA Astrophysics Data System 


Downloaded from http://mnras.oxfordjournals.org/ at University of Georgia on June 5, 2015 




1899MNRAS..59..466T 


478 Prof. Turner , On the Curvature of lix. 8, 

which is not even approximately the case. Large values of n are 
excluded by other considerations. 

35. Hence it is no easier to detect optical distortion in the 
linear terms than in those of the second order, and we must 
regard the discrepancies as due to accidental causes—perhaps 
errors of copying—in the same way as the second order terms. 

36. Thus we may feel some confidence that the optical 
distortion over a considerable field is small; and that accurate 
positions of stars may be obtained from these large plates if 
proper precautions be taken. I do not think, however, that the 
present line of examination is the best way of arriving at 
precise information about a small optical distortion ; the method 
of trails, mentioned by Captain Hills, R.E., at the April 
meeting of the Society, seems better. 

In another paper I have examined the necessary formulae of 
reduction, and find them very simple ; and I think the method 
will prove to be a very easy and direct way of measuring the 
optical distortion of a lens. The foregoing investigations will, 
however, serve to show how two plates may be compared when 
we have no independent information as to the optical distortion. 

Conclusions of the Present Paper. 

1. The errors of copying due to curvature of plate and 
oblique illumination, suggested in the last paper, were reproduced 
by direct experiment. The numerical value found was smaller 
than was expected, though this is capable of explanation. (§§ 1-7.) 

2. A third region, including stars up to 4 0 from the centre 
of the Arequipa plate, was compared with an Oxford plate, and 
the terms of the second order gave no evidence of optical 
distortion. (§§ 8-15.) 

3. The terms of the first order for all three plates dealt 
with in this paper and the last were examined, and gave no 
evidence of optical distortion. (§§ 16-35.) 

4. Hence it seems possible to obtain good results over a 
region of (say) 5 0 x 5 0 with a photographic doublet. 

5. Further experiments are, however, desirable by the method 
of star-trails, as indicated elsewhere. 


On the Curvature of Star-trails on a Photographic Plate as a 
Means of Investigating Optical Distortion. By H. H. Turner, 
M.A., F.R.S., Savilian Professor. 

1. In the discussion on my paper on optical distortion, read at 
the April meeting of the Society, Captain Hills, R.E., mentioned 
a simple method of investigating the distortion on a wide-angle 
photograph, which he had used in practice—viz. to take a series 
of star-trails on the plate and to compare their curvature with 
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